A new Eigenstructure Assignment (ESA) method for vibration confinement of flexible structures has been developed. This method is based on finding an output feedback control gain matrix in such a way that the closed-loop eigenvectors are orthogonal to the open-loop ones. Singular Value Decomposition (SVD) is used for finding the matrix that spans the null space of the closed-loop eigenvectors. It is shown that this matrix has a unique property that can be used to regenerate the open-loop system. This method finds a coefficient vector which leads to a zero gain matrix while several coefficient vectors can be found simultaneously which are orthogonal to the open-loop coefficient vector. As a result, the closed-loop eigenvectors are orthogonal to the open-loop ones. It is shown that the modal energy of the closed loop system is reduced. Moreover, the proposed method needs neither to specify the closed-loop eigenvalues nor to define a desired set of eigenvectors. Also it is shown that if the maximum force of the actuators and the consumed energy of the actuators need to be low, actuators have to be relatively close to input. If the amplitude of vibration in isolated area has to be minimized as much as possible, the actuators need to be relatively closer to isolated area. Also the algorithm of the minimum eigenstructure assignment method has been modified to eliminate the effect of the actuators that are located on the nodes of different vibrational modes.
INTRODUCTION
Eigenstructure Assignment (ESA) was first introduced by Moore [1] . Moore determined the class of all eigenvectors associated with the closed-loop eigenvalues using a state feedback control. In fact, the control of a MIMO system considers both eigenvalue placement and defining the associated eigenvectors form a class of possible closed-loop eigenvectors [2] . To define the null space of the achievable eigenvectors, Cunningham used Singular Value Decomposition (SVD) [3] . It had been shown that the number of actuators is finite, for suppression of structural vibrations, if SVD is used [4] .
Eigenvector scaling, a mode localization technique, has been introduced by Shelly et al. Eigenvector scaling changes the elements of eigenvectors in such a way that relative displacement within the area corresponding to those elements decrease [5] . They showed that eigenvector shaping reduces vibration in the isolated area regardless of the disturbance type. Some experimental works have been done using the eigenvector shaping and reported in [2, [6] [7] [8] . Eigenvector shaping using SVD has been introduced and used as a solution to the problem of limited pairs of actuators and sensors in [9] . A Moore-Penrose generalized left inverse is used to produce the closest eigenvector in least square sense to the desired ones, since it gives the minimum Euclidean 2-norm error [9, 10] .
Tang et al proposed a method that uses the piezoelectric network actuators in an active-passive hybrid vibration confinement system [11, 12] . The energy is confined to the circuit inductors and resistors as passive elements of the systems rather than bulky mechanical parts. Using the Rayleigh principle optimal eigenvectors can be found. Their method minimizes the ratio of the modal energy at the concerned area to the modal energy of the whole structure using an auxiliary eigenvalue problem [13] .
Slater et al [14] showed when the eigenvectors are required to be changed and the closed-loop eigenvalues are being forced to be close to the open-loop eigenvalues, the control efforts are not necessarily minimized. In fact, a considerable change in the eigenvectors may require a large shift in the locations of the eigenvalues in order to minimize the feedback gains. Obviously the closed-loop eigenvalues and eigenvectors must be consistent in order to avoid the large control efforts. Also, they proposed that the minimum number of constraints should be imposed to the eigenvectors' elements in order to have a reasonable control effort. The minimum modal energy eigenstructure assignment proposed in this literature addresses this problem. This novel method does not require specifying the locations for the closed-loop eigenvalues. Moreover, it does not need defining a desirable eigenvector. After defining the closed-loop system eigenvectors, the eigenvalues consistent with the closed-loop eigenvectors will be found which are different from the openloop eigenvalues.
The numerical eigenstructure assignment procedure proposed in this paper uses output feedback for controlling vibrations in flexible structures. This minimum modal energy eigenstructure assignment finds the closed-loop eigenstructures such that their eigenvectors are orthogonal to the open-loop ones. Conventional eigenstructure assignment methods require defining a desirable eigenvector. From a practical point of view pre-determining the desired eigenvectors is not simple since there is not a general procedure for this purpose. This task becomes even more challenging when the model degrees of freedom increase. In this new method, the practical limitation on the degrees of freedom of the models is eliminated since there is no need for defining the desired eigenvectors. This method finds the admissible eigenvectors for the closed-loop system that are orthogonal to the open-loop eigenvectors. As a result there is virtually no limitation on the number of actuators. Since the eigenvectors of the closed-loop systems are admissible eigenvectors and the closed-loop eigenvalues are consistent with them, there is no extra constraint for defining the eigenstructure; therefore, the excessive actuation forces are prevented [14] .
In this paper, six different cases that have different formation of actuators and sensors have been studied. Also, the algorithm for minimum modal energy eigenstructure assignment method has been extended in such a way that the number of possible closed-loop systems is increased.
EIGENSTRUCTURE

ASSIGNMENT PROBLEM DEFINITION
Consider the closed-loop equation of motion for a linear first order system 
[ ] 
The goal is to find a minimum level of modal energy corresponding to a concerned eigenvalue. Considering the null space of the eigenvectors associated with the operating eigenvalue i 
Since each term is a Hermitian matrix, they can be written in terms of their eigenvalue decompositions
Pre-multiplying equation (13) The eigenvalue decomposition of which can be used to find the associated gain matrix.
Equation (23) 
Comparing equation (24) to the modal energy equation (7), it can be concluded that for the coefficient Appending all the calculated closed-loop eigenvectors for all the modes that have been calculated, the following matrices can be written 
CASE STUDY: A SYSTEM WITH 3 COLLOCATED ACTUATORS AND SENSORS
A simple lumped longitudinal vibration system has been considered as Figure 1 and the minimum energy eigenstructure assignment using mode orthogonalizing method has been applied in order to isolate the left side of the system from the vibration. To avoid the complexity of vibrational modes, a system is chosen to merely consist of the longitudinal vibrations. This system consists of 10 masses, which are interconnected by springs and dampers, as indicated in Figure  1 . The goal is to isolate 1 4 m − from an impulse disturbance that is applied on 10 m . In order to show the effect of the location of the actuators, while not overwhelming the system with too many actuators, the system is considered to have 3 actuators.
All the masses are equal to 50 kg and all the spring coefficients are identical and are equal to 1000 / N m . V r , respectively. This system consists of three pairs of collocated actuators and sensors which are located on different masses for each case. Table 1 shows the locations of the actuators for each case and non-zero elements of matrices B and C . m . Also Figure 3 shows the actuation forces for inner, middle and outer actuators. The outer actuators are the one which is closer to the inputs. Table 2 shows the maximum amplitude of vibration, the reduction percentage of the amplitude of 1 m , maximum actuation forces and the work that each actuator has done.
Comparison of the results of the cases 1-4, states that case 3 shows a better result when the maximum force and the energy consumed by actuators are important. Case 3 shows considerable vibration suppression too. If the goal is the reduction of amplitude of vibration, case 4 is the best option. As a conclusion, if the actuators are closer to the input, the maximum force and energy consumption will reduce. On the contrary, if the actuators are closer to the isolated area, the vibration suppression is more significant. 
CONCLUSION
A new eigenstructure assignment method which minimizes the modal energy of the closed-loop system has been introduced here. It is an output feedback control and can be applied to the linear systems with collocated actuators and sensors. This method uses the singular value decomposition to find the null space of the eigenvectors of the closed-loop system. Minimum modal energy ESA is based on developing a procedure for regenerating the open-loop system. Using the regenerated open-loop system, closed-loop system can be generated which has orthogonal eigenvectors to the open-loop ones. Conventional ESA methods require defining a desirable eigenvectors. Since there is no guaranty that the desirable eigenvectors lay within the admissible sub-space of the eigenvectors, an error is unavoidable. Minimum modal energy ESA does not need defining the desirable eigenvectors. In fact, this method finds the eigenvectors within admissible eigenvector subspace which are orthogonal to the open loop eigenvectors, which means the isolation is not depended on the type of the disturbance. Moreover, this new method does not specify a location for the closed-loop eigenvalues; therefore the actuation forces can be reduced. In summary this method does not need any prior prediction about the closedloop system behavior and the results of the identification of the open-loop systems are the only data that are used in the design of the control law.
It has been shown that the vibration of the isolated area has been reduced. If the maximum force and the consumption of energy by actuators are the criteria, the actuators need to be closer to the disturbance sources. But, if the reduction of the amplitude of vibration is the goal, actuators need to be closer to the isolated area. Also it has been shown that the minimum modal energy eigenstructure assignment method can be extended to 1 m m − possible solutions while m is the number of actuators.
